A fully-analytical approach for modelling the response of FRP plates bonded to a brittle substrate  by Caggiano, Antonio et al.
International Journal of Solids and Structures 49 (2012) 2291–2300Contents lists available at SciVerse ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsols t rA fully-analytical approach for modelling the response of FRP plates bonded
to a brittle substrate
Antonio Caggiano a, Enzo Martinelli b,⇑, Ciro Faella b
a LMNI, FIUBA, Laboratory of Materials and Structures, Faculty of Engineering, University of Buenos Aires, Argentina
bDepartment of Civil Engineering, University of Salerno, Fisciano (SA), Italy
a r t i c l e i n f oArticle history:
Received 18 February 2011
Received in revised form 12 March 2012
Available online 30 April 2012
Keywords:
Debonding
Analytical solutions
Fiber reinforced
Interface
Concrete0020-7683/$ - see front matter  2012 Elsevier Ltd. A
http://dx.doi.org/10.1016/j.ijsolstr.2012.04.029
⇑ Corresponding author. Tel.: +39 089 96 4098; fax
E-mail addresses: acaggiano@ﬁ.uba.ar (A. Cag
(E. Martinelli), c.faella@unisa.it (C. Faella).a b s t r a c t
Composite materials, such as ﬁber reinforced polymers (FRP), are more and more common as strength-
ening solution for existing structures. Adhesion between FRP and the existing substrate generally repre-
sents one of the main concerns on the effectiveness of these techniques. The bond behaviour of composite
materials on concrete substrates (but also steel, masonry and wooden ones) are generally investigated by
means of pull-out tests. The present paper, starting from the most common assumptions of the mechan-
ical behaviour of the various materials, proposes a fully-analytical formulation for determining the
response in terms of the relationship between the external force and the corresponding maximum inter-
face slip observed in those tests. The proposed approach emphasises the key behavioural differences
between ‘‘short’’ and ‘‘long’’ bonding length. The former are characterised by a softening behaviour of
the relationship between the applied force and the maximum slip, while the latter exhibits a numerically
challenging snap-back behaviour. All the key points of the relationship between the external force and
the maximum interface slip are deﬁned in closed-form for both the above mentioned cases. Finally, a
comparison with some experimental results obtained on FRP-to-concrete pull-out tests are proposed.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Composite materials such as ﬁber reinforced polymers (FRP) are
getting more and more common as innovative solution for
strengthening existing members in bending (Teng et al., 2002).
FRP plates externally bonded to concrete beams for enhancing
their ultimate ﬂexural strength have been ﬁrstly proposed as
an alternative solution to the more traditional ‘‘beton-plaqué’’
(Meier, 1995). The same technique has been also extended to
masonry members (Faella et al., 2010, 2012) and steel beams
(Jones et al., 1998; Täljsten et al., 2009; Lenwari et al., 2005), even
to repair damaged members (Tavakkolizadeh and Saadatmanesh,
2003).
The application of FRP-based strengthening techniques to woo-
den members is slightly more recent (Jankowski et al., 2010). Sev-
eral speciﬁc issues dealing with both environmental effects and
long-term behaviour of both materials should be addressed in this
case (Boscato and Russo, 2008).
Modelling the global behaviour of existing members externally
strengthened in bending by means of bonded FRP plates is a cut-
ting-edge topic due to both the complex non-linear behaviour ofll rights reserved.
: +39 089 96 4045.
giano), e.martinelli@unisa.itstructural materials and the speciﬁc issue of bonding at the inter-
face between the composite plate and the surface of the existing
member.
Several theoretical models have been formulated and imple-
mented in numerical procedures for simulating the overall behav-
iour of existing members externally strengthened by bonded FRP
plates (Faella et al., 2008; Abdelouahed, 2006).
Besides the speciﬁc aspects dealing with the behaviour of the
existing members (made out of concrete, steel or even wood) those
models (Teng et al., 2006; Wang, 2007) generally assume a simpli-
ﬁed relationship between the interface (shear and, sometimes, nor-
mal) stress components and the corresponding strain or
displacement ones (slips and, sometimes, ‘‘uplift’’).
For the sake of simplicity, fracture behaviour in Mode II is as-
sumed throughout the interface and, then, a relationship between
shear stresses sa and relative displacements (slips) sa is introduced
(Ueda and Dai, 2005). Several proposals are currently available for
describing this fracture behaviour in terms of sa–sa relationship (Lu
et al., 2006). They can be identiﬁed through pull-out tests on FRP
plates glued on a proper supporting material (namely, concrete,
steel or wood, depending on the application of interest). Plenty
of experimental results of pull-out tests carried out on FRP plates
bonded on concrete blocks are currently available in the scientiﬁc
literature (Yao et al., 2005; Destrebecq et al., 2007) and a general
identiﬁcation procedure based upon an inverse algorithm has been
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the results of such tests (Faella et al., 2009). Although such a pro-
cedure explicitly deals with FRP plates glued on concrete, it can
be easily extended to other supporting materials. However, it is
based on a theoretical solution depending on the parameters of
the sa–sa relationships for simulating the observed behaviour of
the bonded plate.
The role actually played by several relevant geometric and
mechanical quantities (i.e., adhesive stiffness and thickness, plate
proprieties, etc.) which affect both stress and strain distribution
throughout FRP was thoroughly discussed by the Authors in a re-
cent work (Martinelli et al., 2011a). In particular, the relevant
equations were transformed therein in a consistent dimensionless
form emphasising the role of the above mentioned parameters.
However, the discussion presented therein only focuses on the lin-
ear elastic range, as no analytical solution can actually be derived
in the non-linear range. Moreover, as a matter of fact, the solution
presented in Qiao and Chen (2008) only addresses the linear
behaviour of the adhesive interface and a numerical method is
actually applied to solve the equation derived in Pan and Leung
(2007). Moreover, a Finite-Difference-based numerical solution
are very recently presented by Martinelli et al. (2011b).
This paper presents a new closed-form analytical solution
aimed at simulating the overall behaviour of FRP plates bonded
to a general material simulated as a brittle substrate. This new
solution is based on the general assumption of an elastic-soften-
ing bilinear sa–sa relationship throughout the bonded length. It
covers the case of both ‘‘long’’ and ‘‘short’’ anchoring lengths, in
the meaning that will be better explained in the following
sections. In a general sense, a globally softening behaviour can
be observed in pull-out tests for ‘‘short’’ anchorage, while a
computationally challenging (yet completely solved in the
present paper) snap-back behaviour is observed for ‘‘long’’
anchorage length. Under this standpoint the present paper can
be considered as a further evolution of some available ones (Yuan
et al. (2004), Chen and Qiao (2009) and Wang (2006) to mention
only three of such contributions) devoted to modelling the
mechanical behaviour of FRP plates adhesively bonded to a
supporting material, such as concrete.
The key assumptions and equations derived for simulating the
behaviour of bonded FRP plates tested in pull-out are described
in Section 2. Such assumptions are actually close to the one already
reported in Caggiano et al. (2011) for simulating the behaviour of
ﬁbers embedded in cementitious materials.
Section 3 reports the closed-form solution in terms of relation-
ship between the external pull-out force and the corresponding
maximum slip. The deﬁnition of long and short anchoring lengths
is reported therein and represents a relevant innovation with re-
spect to other solutions already available within the scientiﬁc
literature.
A ﬁnal application of the proposed solution is ﬁnally carried out
by considering the experimental results reported in Chajes et al.
(1996) and the key parameters of the interface sa–sa relationships
calibrated in Faella et al. (2009).kE
kS
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sa
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s se u
Fig. 1. Bond-slip sa–sa law.2. Analytical models for FRP plates bonded on brittle substrate
The equations governing the mechanical behaviour of FRP
plates glued on a brittle substrate are derived in the following
by writing the classical mechanical equations of ‘‘equilibrium’’
(Eq. (1)), ‘‘compatibility’’ (Eq. (4)) and ‘‘stress–strain relation-
ships’’ (Eqs. (2) and (3)). The proposed model, formulated in
‘‘small displacements’’, neglects the strains in the concrete prism,
which is ideally considered as a brittle block supporting the FRP
plate.2.1. Basic assumptions for the FRP plate and the adhesive interface
with the brittle substrate
This section presents a fully analytical solution for simulating
the overall range pull-out behaviour and the debonding process
of FRP plates bonded on an ideally brittle substrate. The bilinear
bond law sa–sa plotted in Fig. 1 simulates the relationship between
the shear stresses and interface slips throughout the adhesive
interface. It features initially a linear-ascending branch, described
by the stiffness parameter kE. The linear elastic branch is followed
by a linear softening (with kS descending slope), as the elastic limit
sa0 is reached. Then, beyond the ultimate slip, sau ¼ sa0=kE þ sa0=kS,
no further bond stresses can be transferred throughout the
interface.
The above mentioned analytical solution is applied to a FRP
plate glued to a brittle support (Fig. 2). Based on the assumption
that both width and thickness of the considered plate, bp and tp
respectively, keep unchanged throughout the bonded length and
considering a unique bond-slip law sa–sa, the following inﬁnitesi-
mal equilibrium condition can be written
drp½z
dz
¼  sa½z
tp
; ð1Þ
where sa½z is the bond shear stress transferred at the interface and
rp½z the axial stress on the plate transverse section. The constitu-
tive equations for the adhesive behaviour can be expressed as
sa½z ¼ kEsa½z ! if sa½z 6 sae ;
sa½z ¼ sa0 þ kS sa½z  saa;eð Þ ! if sae < sa½z 6 sau ;
sa½z ¼ 0 ! if sa½z > sau ;
8><
>: ð2Þ
where kE and kS are the bond stiffnesses of the interface shear-slip
relationship and sae ¼ sa0=kE is the elastic slip limit (Fig. 1). The con-
stitutive relationship, modelling the mechanical response of the
plate, can be easily given as
rp½z ¼ Epep ð3Þ
being Ep the elastic modulus of the plate.
Considering that the centroidal displacement of the plate is
equal to the interface slip (namely, assuming a negligible thickness
of the plate), the following compatibility condition has been
written
ep ¼ dsa½zdz : ð4Þ
Thus, the following differential equation can be obtained by
introducing Eqs. (3) and (4) into the equilibrium condition, Eq. (1),
Fig. 2. Slipping shear test on a single-lap FRP-to-concrete bonded joint.
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dz2
þ sa½z
tpEp
¼ 0: ð5Þ
Eq. (5) represents the general differential equation governing the
bonded joint between the reinforcing plate and the concrete sub-
strate. It can be speciﬁed assigning the interface law deﬁned in
Eq. (2). Depending on the transferred shear slip level deﬁned in
Eq. (2), three different differential equations can be recognised, as
explained in the following.
 sa–sa in elastic branch (namely, sa½z 6 sae ): the following second-
order homogeneous differential equation can be derived by
introducing the elastic expression of Eq. (2) into the Eq. (5)d2sa½z
dz2
 a21sa½z ¼ 0 ð6Þ
with a1 ¼ kEtpEp
 1=2
.
The general solution sa1 ½z for the differential Eq. (6) is
sa1 ½z ¼ A1ea1z þ A2ea1z ð7Þ
in which the two unknown constants (A1 and A2) will be deter-
mined in the following sections by means of appropriate bound-
ary conditions.
 sa–sa in softening branch, for this case the slip is such that
sae < sa½z 6 sau , in which the interface shear law is represented
by the post-elastic softening branch of Fig. 1. The softening
expression of Eq. (2) has been substituted into Eq. (5) for obtain-
ing the following second-order differential equationd2sa½z
dz2
þ a22sa½z  a21 þ a22
 
sae ¼ 0 ð8Þ
with a2 ¼ kStpEp
 1=2
.
The general integral of the (8) is
sa2 ½z ¼ A3 cos a2z½  þ A4 sin a2z½  þ sau ð9Þ
being A3 and A4 integration constants.
 sa–sa in debonded branch, for this case the shear stress locally
transferred between concrete and plate is considered null
(sa½z > sau ), hence the second derivative of the slip is zero in this
zoned2sa½z
dz2
¼ 0 ð10Þ
and the general integral is represented by a linear slip expres-
sion along the z-coordinates
sa3 ½z ¼ A5zþ A6; ð11Þ
where A5 and A6 are integration constants.
Substituting the Eq. (11) into the Eqs. (3) and (4), the axial plate
stress reduces to a constant value rp3 ½z ¼ A5Ep.
3. Full-range pull-out analysis
In this section the complete debonding process due to the ap-
plied axial force Pi in pull-out tests is analytically described. A
stage-by-stage approach is followed for simulating the evolution
of the mechanical response of the adhesive interface throughout
the bonded length. In particular, the shear stress distributions
along the FRP joint, sa½z, the interfacial-slips, i.e., sai ½z for
i ¼ 1;2;3, the axial stresses in the plate, rp½z and the global
load–displacement pull-out response Pi  si of the bonded FRP-
joint are investigated.
3.1. Elastic stage
For low load levels all the transferred shear stresses, along the
interface, are in the elastic state. In this case the general integral
valid is represented by the expression (7) with the following
boundary conditions
sa1 ½0 ¼ si and rp1 ½Lp ¼ 0 ð12Þ
in which si is the imposed slip and Lp the anchorage length of the
plate.
Based on the relationship (12), the initial bond-slip curve
(Fig. 4) takes the following elastic stiffness
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The distribution of the interface shear stresses in the elastic (E)-
stage as well as the relationships between the applied force Pi and
the maximum slip si are illustrated in Fig. 4. Further analytical de-
tails in terms of interfacial slip, interfacial shear stress and the axial
stress can be found in Yuan et al. (2004).
A particular value of Pi can be deﬁned in the case of ‘‘inﬁnite
bond length’’, which can be obtained by imposing A2 ¼ 0 in Eq.
(7). Then the only boundary condition in this case is sa1 ½0 ¼ si.
With this boundary condition the following expressions for the
interfacial slip sa1 ½z, the interfacial shear stress sa1 ½z, the axial
stress rp1 ½z and for the pull-out force Pi, in case of inﬁnite plate,
can be found
sa1 ½z ¼ ea1zsi; ð14Þ
sa1 ½z ¼ ea1zkEsi; ð15Þ
rp1 ½z ¼ a1ea1zEpsi; ð16Þ
Pi ¼ a1bptpEpsi; ð17Þ
8z 2 ½Lp;0:3.2. Elasto-softening stage
This stage starts once the applied slip si at the loaded length
reaches the elastic limit, i.e., siA ¼ sae ¼ sa0=kE. In this situation,
the corresponding force can be evaluated as follows
PiA ¼ kiE sae : ð18Þ
In this stage the plate-to-substrate interface is subdivided into two
parts: the interface slips are bigger than the elastic limit sae in the
part closer to the loaded end, while they keep lower than that limit
in the remaining part (see Figs. 5 and 6).
In this case, the solution can be derived by considering the two
differential equations (7) and the following boundary conditions
sa2 ½L0 ¼ sa1 ½L0 sa1 ½L0 ¼ sae ;
rp2 ½L0 ¼ rp1 ½L0 and rp1 ½Lp ¼ 0
ð19Þ
being L0 a new parameter representing the abscissa of the point in
which the local slip is equal to the elastic limit sae (Figs. 5 and 6).
The four boundary conditions in Eq. (19) can be solved in terms
of the four unknown constants Ai involved in Eqs. (7) and (9). Con-
sequently, the solutions in terms of slips, interface and axial stres-
ses, referring to the softening branch can be derived as followssa2 ½z ¼ 1þ
kE
kS
1 cos a2ðL0 þ zÞ½ ð Þ  a1a2 tanh a1a½  sin a2ðL0 þ zÞ½ 
 
sae ;
ð20Þ
sa2 ½z ¼  cos a2ðL0 þ zÞ½  
a1
a2
kS
kE
tanh a1a½  sin a2ðL0 þ zÞ½ 
 
sa0 ; ð21Þ
rp2 ½z ¼
sin a2ðL0 þ zÞ½ 
a2tp
 a1Ep
kE
tanh a1a½  cos a2ðL0 þ zÞ½ 
 
sa0 ; ð22Þ
8z 2 ½L0;0
being a ¼ L0  Lp, while for the elastic branch it is given by
sa1 ½z ¼
cosh½a1ðLp þ zÞ
cosh½a1a sa
e ; ð23Þ
sa1 ½z ¼ 
cosh½a1ðLp þ zÞ
cosh½a1a sa0 ; ð24Þ
rp1 ½z ¼
a1Ep
kE
sinh½a1ðLp þ zÞ
cosh½a1a sa0 ; ð25Þ
8z 2 ½Lp;L0:
The expressions of interface slips, shear and axial stresses re-
ported above for the two parts of the bonded interface depends
on the value of the parameter L0 (see Figs. 5 and 6). The value of
the maximum displacement si can be determined by evaluating
in z ¼ 0 the Eq. (20). The corresponding axial force Pi applied in
the same point can be derived by evaluating the Eq. (22) in z ¼ 0
and multiplying for the cross-sectional area of the FRP-plate
Pi ¼ 1a2 sin½a2L0kE  a1tpEp cos½a2L0 tanh½a1a
 
bpsae : ð26Þ
The displacement value at the loaded end can be obtained by
evaluating Eq. (20) in z = 0.
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Two possible alternative evolutions of beyond the elastic-soft-
ening (ES)-stage can occur for the bonded FRP plate. They are
brieﬂy described in the following:
 the slip si applied in z ¼ 0 reaches the ultimate slip value sau ,
with the minimum slip sa1 ½Lp < sae , leading to the transition
to the new ‘‘elasto-softening-debonding (ESD)-stage’’ as shown
in Fig. 7.
 the slip sa1 ½Lp at the end of the plate, z ¼ Lp, reaches the elas-
tic limit, sa1 ½Lp ¼ sae with si < sau , following the new only
‘‘softening (S)-stage’’.
A single parameter controls the occurrence of either the former
or the latter, depending on the parameters of the interface bond-
slip law. In particular, for any given interface relationship (namely,
for every triplet (sae ; sa0 ; sau )) a particular value Lsl exists for which
the two mentioned conditions si ¼ sa2 ½0 ¼ sau and sa1 ½Lsl ¼ sae are
achieved at the same time. It can be easily derived by writing Eq.
(20) in the case of L0 = Lp = Lsl and, consequently a ¼ 0
sa2 ½z ¼ 1þ
kE
kS
1 cos a2ðLsl þ zÞ½ ð Þ
 
sae ð27Þ
verifying the condition that the slip at the end of the plate, z ¼ Lp,
is equal to the elastic limit sae . In order to calculate the expression of
the characteristic length, Lsl, the applied slip in z ¼ 0 must assume
the ultimate slip value, si ¼ sa2 ½0 ¼ sau , implying that the Eq. (27)
modiﬁes as follows
sau ¼ 1þ kEkS 1 cos a2Lsl½ ð Þ
 
sae : ð28Þ
This equality is possible only if the quantity cos a2Lsl½  is zero,
following that
Lsl ¼ p2a2 : ð29Þ
FRP plates with bonded length Lp P Lsl follow the ﬁrst one of the
two possible evolutions ﬁgured out at the beginning of the present
subsection. Consequently, such an evolution will be associated to
‘‘long’’ anchorage lengths. On the contrary, when Lp < Lsl the
mechanical system follows the second of the two mentioned evo-
lutions which characterises ‘‘short’’ anchorage lengths.
The conceptual map reported in Fig. 8 outlines this possible
switch in the mechanical behaviour depending on the bonding
length Lp (and the interface law) of FRP plates glued on a brittle
substrate.4. Long anchorages
In case of ‘‘long’’ anchorage (Lp P Lsl), the bond-slip process fol-
lowing the previous ES-stage is characterised by a debonded zone
in the neighbours of the loaded end, whose length is identiﬁed as
Lu in Figs. 7 and 9. For ﬁnite lengths, the overall behaviour in terms
of pull-out force vs. slips shows an unstable snap-back branch
(Fig. 9) analytically discussed in the following subsections. While
for ideal inﬁnite anchorages the pull-out curve develops with an
indeﬁnite plateau (Fig. 3).
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This stage starts when the bonding process begins at the loaded
end of the FRP plate. The general solutions of this stage is given by
the Eqs. (7), (9) and (11) that can be solved assigning suitable
boundary conditions. In principle, the six following boundary con-
ditions could be written for determining the values of the constant
Ai involved in the three general integrals mentioned above
sa3 ½Lu ¼ sa2 ½Lu;rp3 ½Lu ¼ rp2 ½Lu;
sa2 ½L0 ¼ sa1 ½L0; sa1 ½L0 ¼ sae ;
rp2 ½L0 ¼ rp1 ½L0 and rp1 ½Lp ¼ 0:
ð30Þ
The six constants Ai could be derived depending on the two
parameters L0 and Lu which determine the conﬁguration of the
bonded plate. However, the values of those two parameters are
strictly connected to another one, as the following condition de-
ﬁnes the value of Lu
sa2 ½Lu ¼ sau ð31Þ
and the expression of sa2 ½Lu depends on L0. The following relation-
ship can be determined between the two parameters, by imposing
Eq. (31) in Eq. (20)
cot½a2b ¼ a2=a1 sa
u  sae
sae
tanh½a1a; ð32Þ
where b ¼ L0  Lu, namely the length of the interface which is actu-
ally in the debonding stage. Consequently, the debonding process in
this stage can be followed by assuming the value L0 (or, equivalently
a ¼ Lp  L0) and then evaluating b and Lu through Eq. (31) and deter-
mining the constants Ai by means of Eq. (30). Then, the following
solution in terms of slips is obtained along the debonded part Lu,
hence 8z 2 ½Lu;0
sa3 ½z ¼ 1
a1
a2
tanh½a1aða2ðLu þ zÞ cos½a2b þ sin½a2bÞ

þ kE
kS
1þ a2ðLu þ zÞ sin½a2b  cos½a2bð Þ

sae : ð33Þ
The transferred shear in the debonded branch is sa3 ½z ¼ 0, while
the axial stress in the plate is constant
rp3 ½z ¼
1
a2tp
sin½a2b  kSkE
a1
a2
tanh½a1a cos½a2b
 	
sa0 : ð34Þ
The global pull-out response, plotted in terms of Pi–si curve in Fig. 7,
is controlled by the following expressions
si ¼ 1 a1a2 tanh½a1aða2Lu cos½a2b þ sin½a2bÞ

þ kE
kS
1þ a2Lu sin½a2b  cos½a2bð Þ

sae ð35Þ
and
Pi ¼ bpa2 sin½a2b 
kS
kE
a1
a2
tanh½a1a cos½a2b
 	
sa0 : ð36Þ
The solutions in terms of slips, shear and axial stress for the
softening part (z 2 ½L0;Lu) and the elastic one (z 2 ½Lp;L0)
take the same expressions given from Eq. (20)–(25).
In the case of inﬁnite bond length a constant plateau follows the
point B as shown in Fig. 3. In this case the pull-out force reaches its
maximum value, whose closed-form expression can be obtained by
studying the case of inﬁnite anchored plate. The constant A2 of Eq.
(7) should be zero and the boundary condition rp1 ½Lp ¼ 0 of Eq.
(30) is no longer necessary. For the same conditions the Eq. (36),
representing the maximum pull-out strength, yieldsPiB ¼ bptpEp
a1kSﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kSðkE þ kSÞ
p sae þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kE
kE þ kS
s
a2sa0
kS
0
@
1
A: ð37Þ
A similar expression can be obtained when Lp !1 in Eq. (36),
also given in Yuan et al. (2004).
The ultimate part of the obtained pull-out curve shows that the
process of end-plate debonding, in case of ‘‘long anchorage’’, be-
haves with a snap-back instability as shown in the ultimate points
of Fig. 7 and in Fig. 9.
The ultimate point representing the end of the ESD-stage is gi-
ven by imposing the condition that L0 ¼ Lp (the elastic contact dis-
appears). Substituting this relation into Eq. (36) and (35) the
coordinate of the point C can be obtained
siC ¼
kE
kS
a2Lp  p=2þ 1
 þ 1 sae ð38Þ
at which corresponds the dual pull-out action
PiC ¼
2a2Lp  p
 
a2
a2Lp þ p
 
kS
bptpEpsa0 : ð39Þ4.2. Softening-debonding stage
This stage represents the ultimate scenario in which the equi-
librium is governed by two types of bond behaviours throughout
the plate, one in which the bond adherence (sa–sa law) is in soften-
ing range (z 2 ½Lp;Lu) while in the remaining the contact is
crashed (z 2 ½Lu;0). The governing Eqs. (7) and (9) can be solved
assigning the following boundary relations
sa3 ½Lu ¼ sa2 ½Lu ¼ sau ;
rp3 ½Lu ¼ rp2 ½Lu and rp2 ½Lp ¼ 0:
ð40Þ
The obtained result shows a snap-back softening behaviour in
which the global pull-out response develops with a constant slope
between the points C–D of Fig. 9. This phenomenon represents a
loss of stability in controlled displacement condition, which analyt-
ical solution is given by
si ¼ sau  ðp=2 Lpa2Þa2bptpEp Pi: ð41Þ
Under the engineering standpoint, this brittle mechanical re-
sponse has no practical relevance, as it cannot be observed in an
experimental test, neither in force- nor in displacement-control.
However, it is very insightful under the theoretical point of view,
as it corresponds to a series of unstable equilibrium conditions
(Carpinteri and Paggi, 2010).
5. Short anchorages
In order to study ‘‘stage-by-stage’’ the complete bond-slip pro-
cess in case of short anchorage as deﬁned in Section 3.3, the
mechanical stage that follows the ES one (described in Section 3.2)
is only softening (S)-stage. In this case, all the adhesive interface is
modelled by the softening branch of Fig. 1.
5.1. Softening stage
During this stage, the interfacial shear stress distribution repre-
sented in Fig. 10 corresponds to bond slips that are higher than the
elastic limit sae and smaller than the ultimate one sau . This stage is
only governed by the solution outlined in the Eq. (9) with the fol-
lowing boundary conditions
sa2 ½0 ¼ si and rp2 ½Lp ¼ 0: ð42Þ
00 10
Α
Pi
si
PiA
siA = saeΟ
adherence shear stresses
Β'PiB'
siB' siD = sau
D FRP adherent
- 1 0 0 0 - 9 0 0 - 8 0 0 - 7 0 0 - 6 0 0 - 5 0 0 - 4 0 0 - 3 0 0 - 2 0 0 - 1 0 0 0
τa
τa0
softening
Fig. 10. Pull-out behaviour in softening stage in case of ‘‘short anchorage’’.
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shear stress and axial stress in the plate are found
sa2 ½z ¼ si  sau½  cos½a2ðLp þ zÞ sec½a2Lp þ sau ; ð43Þ
sa2 ½z ¼ kS si  sau½  cos½a2ðLp þ zÞ sec½a2Lp; ð44Þ
rp2 ½z ¼ sau  si½ a2Ep sec½a2Lp sin½a2ðLp þ zÞ; ð45Þ
8z 2 ½Lp;0:
Applying a slip si at the loaded extreme (i.e., at z ¼ 0 as in the
Eq. (42)) the following pull-out load can be obtained
Pi ¼ a2 tan½a2Lp sau  si½ bptpEp: ð46Þ
The descending pull-out curve, described by the Eq. (46) and plotted
in Fig. 10, develops with a constant negative slope, kiS
kiS ¼ a2 tan a2Lp
 
bptpEp: ð47Þ
The ﬁrst end (B0 of Fig. 10) of the pull-out curve in S-stage can be
found by the following boundary conditions(a) 2 inches
(c) 6 inches
0
0.001
0.002
0.003
0.004
0.005
-50.8 -38.1 -25.4 -12.7 0
Bond in Elastic Branch
Bond in Softening Branch
Experimental Measures
x [mm]
εFRP
F [kN] 
8.08
6.00
4.05
1.94
0
0.001
0.002
0.003
0.004
0.005
-152.4 -127 -101.6 -76.2 -50.8 -25.4 0
Bond in Elastic Branch
Bond in Softening Branch
Experimental measures
x [mm]
εFRP
F [kN] 
11.90
9.51
7.19
4.56
2.37
Fig. 11. Comparison in terms of axial strain distributions alongsa2 ½LP  ¼ sae and rp2 ½Lp ¼ 0; ð48Þ
so the ultimate peak load P0iB takes the following analytical
expression
P0iB ¼ a12 bp sin½a2Lpsa0 ð49Þ
at which corresponds the following slip
s0
iB
¼ sau  cos½a2LpkE=kSsae
 
: ð50Þ
As described above, the bond-slip process follows a softening
branch up to the ultimate slip sau (trait B
0–D of Fig. 10). When
the applied slip si achieves the ultimate value sau and substituting
this condition (si ¼ sau ) into the Eq. (46), the pull-out force reduces
to zero. Hence, it can be observed that the S-stage always repre-
sents the ultimate stage, for short anchorages, before reaching
the failure point in D.
6. Results of the numerical model
To verify the practicability and soundness of the proposed model,
several analyses have been realised to simulate some experimental
tests dealing with Carbon FRP-concrete delamination problems.
Four tests involving specimens characterised by different bonding
lengths (Chajes et al., 1996) have been considered together with
mechanical and geometrical properties of specimens but also uti-
lizing the calibrated parameters founded in Faella et al. (2009). Fi-
nally, a parametric study is also presented for pointing out the
inﬂuence of the anchorage length on the mechanical behaviour
of CFRP-plates glued on a brittle support.
6.1. Experimental comparisons and validation of the numerical model
This section shows the numerical results obtained by applying
the proposed formulation considering the bond-slip laws cali-
brated in Faella et al. (2009) on the experimental results reported
in Chajes et al. (1996). The tests have been carried out on(d) 8 inches
(b) 4 inches
0
0.001
0.002
0.003
0.004
0.005
-203.2 -152.4 -101.6 -50.8 0
Bond in Elastic Branch
Bond in Softening Branch
Experimental measures
x [mm]
εFRP
F [kN] 
11.56
9.19
6.70
4.62
2.11
0
0.001
0.002
0.003
0.004
0.005
-101.6 -76.2 -50.8 -25.4 0
Bond in Elastic Branch
Bond in Softening Branch
Experimental Measures
x [mm]
εFRP
F [kN] 
12.78
10.28
7.70
2.22
0.50
the bonding length for the specimens (Chajes et al., 1996).
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between 50.8 mm (2 inches) to 203.2 mm (8 inches). The effective
elastic modulus of the composite plate, deduced by a tensile
test, carried out by the same authors (Chajes et al., 1996),
is Ep ¼ 110:4 GPa, while the geometry of the CFRP-plate is
bp ¼ 25:4 mm and tp ¼ 1:016 mm.
The calibration procedure outlined in Faella et al. (2009) as-
sumes that each specimen has different interface properties by
using the Eq. (2) with reference to all four experimental tests. This
assumption derives from the randomness of the mechanical prop-
erties of the concrete substrate.
The comparison of the numerical results against the experimen-
tal data can be directly proposed in terms of axial strainsFig. 12. Complete bond-slip process considering the ‘‘2-inches’’ test by Chajes et al.
(1996): (a) pull-out curve, (b) eFRP–z and (c) s–z distributions.throughout the bonded length, under the various load levels for
the four specimens. Good agreement between numerical predic-
tions and experimental results has been found for all tests as
shown in Fig. 11.
An even clearer representation of the deeply difference behav-
iour which can be observed in the cases of long and short anchor-
ages can be drawn out by observing the complete evolution of the
ﬁelds of both axial strains and interface shear stresses throughout
the bonded length.
Fig. 12 represents such an evolution for the shortest bonding
length mentioned in Fig. 14. The global force-slip curve is charac-
terised by a softening response (Fig. 12a) and the evolution of axial
strains (Fig. 12b) undergoes a transition from a fully-exponentialFig. 13. Complete bond-slip process considering the ‘‘8-inches’’ test (Chajes et al.,
1996): (a) pull-out curve, (b) eFRP–z and (c) s–z distributions.
Fig. 14. Effect of the bond length on the pull-out behaviour.
Table 1
Effect of the bond anchoring lengths Lp on the pull-out behaviour.
Bond anchorage [mm] 50.80 101.60 104.15 152.40 203.20
Load-capacity [kN] 8.12 12.14 12.22 12.68 12.70
Maximum slip [mm] 0.3276 0.3276 0.3276 0.5285 0.7420
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transition in the post-elastic branch with a non-monotonic behav-
iour up to failure corresponding to a maximum displacement smax
which is equal to sau . The evolution of the response is even clearer
in terms of the corresponding interface shear stresses (Fig. 12c).
Fig. 13 reports the evolution of the response of the longest spec-
imen mentioned in Fig. 14. It points out the different global behav-
iour which can be observed in the case of long anchorages, by
showing the snap-back nature of the force-slip response
(Fig. 13a) and the corresponding values of axial strains and shear
stresses throughout the bonded length (Figs. 13b and c), respec-
tively. It is worth noting that, as a matter of principle, the interface
slip at ultimate su is equal to the maximum slip sau of the interface
law, while the maximum displacement (namely, the one at
stage 10 of the loading process in Fig. 13a) is as bigger than sau
as the bonding length is longer than the limit value reported in
Eq. (29).6.2. Effect of bond length on the behaviour of CFRP plates bonded on
brittle substrate
In order to examine the effect of the anchoring length on the
maximum pull-out load as well as the maximum slip of the
CFRP-to-concrete joint, a parametric study is presented in this sub-
section about the proposed analytical model.
The total pull-out load Pi versus slips si are obtained for CFRP
plate-to-concrete joint specimens with ﬁve different bond lengths
Lp of CFRP, herein Lp ¼ 50:80 mm; 101:60 mm; 104:15 mm (critical
length Lsl evaluated for the following ‘‘average’’ values of the
interface parameters sa0 ¼ 6:93 MPa; kE ¼ 135:86 MPa=mm and
kS ¼ 25:05 MPa=mm), 152:40 mm and 203:20 mm, respectively.
The material properties are the equal to those derived by the tests
mentioned in the subSection 6.1, i.e., the stiffness of CFRP,
Ep ¼ 108:4 GPa, while the width and thickness of CFRP are
25.4 mm and 1.016 mm, respectively.
The corresponding analytical results of CFRP specimens with
the outlined bond lengths are shown in Fig. 14. It demonstrates
that increasing the bond length, in case of ‘‘long anchorage’’
(LP > Lsl), does not have signiﬁcant effect on the maximum load.While for short plates, the length parameter Lp mainly affects the
maximum debonding strength according to the Eq. (49).
The summary of maximum slip versus bond-slip strength is
shown in Table 1, corresponding to the plots shown in Fig. 14.7. Conclusions
The present paper presents a fully analytical formulation of the
global behaviour of FRP plates bonded on a brittle support. This
model can be generally considered for investigating the bonding
behaviour of composite plates glued on either concrete or any
other material which can be strengthened by externally gluing
FRP plates (i.e., steel, wood and masonry).
The formulation reported in the present paper in terms of both
distribution of interface slips, shear stresses and axial strains
throughout the bonded length and global force–displacement rela-
tionship can be easily adopted by the reader in simulating the ac-
tual debonding response of FRP plates glued on a brittle substrate.
Moreover, the present paper deﬁnes clearly the concepts of
‘‘long’’ and ‘‘short’’ anchorage, considering both the ultimate values
of the pulling force which can be applied at the FRP plate and the
key features of the global force-slip relationship during the deb-
onding phenomenon up to the complete detachment of the glued
FRP plate. The difference in terms of ultimate force depending of
the bonding length of the FRP plate is already studied and widely
recognised in the technical literature as well as in some of the most
advanced code guidelines for structural strengthening of structures
by employing composite materials. On the contrary, the difference
in terms of the overall debonding response emerges clearly by this
study. It points out the softening nature of the global response of
FRP with short anchorage, which is different from the snap-back
behaviour theoretically derived in the case of long anchorages. This
key difference as well as the complete analytical formulation of the
global response can be utilised for a deeper and more focused iden-
tiﬁcation of the adhesive interface between FRP plates and various
kinds of supporting materials.References
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